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Abstract: In this paper, we generalized some unique fixed point theorems in the context of multiplicative metric
spaces. We note that some fixed point theorems can be deduced in multiplicative metric space by using the
established results. we used the concept of multiplicative contraction mapping and proved some fixed point
theorems of such mappings on complete multiplicative metric spaces.
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1. INTRODUCTION

1.1. The notion of complex-valued metric spaces was introduced by Azam et al. [2]. Ozavsar and Cevikel [4] initiated the
concept of the multiplicative metric space in such a way that the usual triangular inequality is replaced by “Multiplicative
triangle inequality d(x, y) < d(x, z).d(z, y) for all x, y, z € X”. It is well known fact that the mathematical results regarding
fixed points of contraction-type mappings are very useful for determining the existence and uniqueness of solutions to
various mathematical models. The study of fixed points of mappings satisfying certain contraction conditions has many
applications and has been at the centre of various research activities. we introduce concept of multiplicative contraction
mapping and prove some fixed point theorems of multiplicative contraction mappings on multipliactive metric spaces.
The study of fixed points of mappings satisfying certain contraction conditions has many applications and has been at the
centre of various research activities.The theory of fixed points has been developed, regarding the results to finding the
fixed points over the last 45 years. . It is well known that the set of positive real numbers R, is not complete according to
the usual metric. To emphasize the importance of this study, we should first note that R+ is a complete multiplicative
metric space with respect to the multiplicative metric.

Some important definitions are as follows:

Definition 1.2. Let X be a nonempty set. Multiplicative metric [4] is a mapping d : X xX — R, satisfying the following
conditions:

(m1) d(x,y) =1forall X,y € Xand d(x,y) =1 ifand only if x =y,
(m2) d(x, y) = d(y, x) forall x, y € X,
(m3) d(x, z) <d(x, y)-d(y, z) for all x, y, z € X (multiplicative triangle inequality).

2. MULTIPLICATIVE METRIC TOPOLOGY
We shall begin this section with the following examples, which will be used throughout the paper.

Definition 1.3.[4]: Let (X, d) be a multiplicative metric space, x € X and ¢ > 1. We now define a set B,(x) = {y € X | d(X,
y) < £ ,which is called multiplicative open ball of radius & with center x. Similarly, one can describe multiplicative closed
ball as B,(x) ={y € X | d(x, y) <&} .
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Definition 1.4.[4] : Let (X, d) be a multiplicative metric space and Ac X. Then we call x € A a multiplicative interior
point of A if there exists an € > 1 such that Be(x) < A. The collection of all interior points of A is called multiplicative
interior of A and denoted by int (A).

Definition 1.5. [4] : Let (X, d) be a multiplicative metric space and Ac X. If every point of A is a multiplicative interior
point of A, i.e., A =int (A), then A is called a multiplicative open set.

Lemma 1.6. Let (X, d) be a multiplicative metric space. Each multiplicative open ball of X is a multiplicative open set.
Proof. Let x € X and B, (x) be a multiplicative open ball. For y €B; (x), if we let 5 = ﬁy) and ze B;(y),

then d(y, z) < @, from which we conclude that d(x, z) < d(x, y) - d(y, z) <&.

This shows that z €B,(X), which means that Bs(y)cB, (x) i.e. y is interior point of B, (x). Thus B, (x) is multiplicative
open set.

Lemma 1.7. The intersection of any finite family of multiplicative open sets is also a multiplicative open set.
Proof. Let B; and B, be two multiplicative open sets and y € B;NB,. Then there are 6,, 8, > 1 such that Bs; (y) € B; and
B, (Y) € B,. Letting & be the smaller of 8; and &,, we conclude that B;(y) < B; N B,. Hence the intersection of any finite
family of multiplicative open sets is a multiplicative open set.

Definition 1.8. [4] Let (X, d) be a multiplicative metric space. A point x € X is said to be multiplicative limit point of S c
X ifand only if (B,(X) \ {x}) N S # ¢ for every € > 1. The set of all multiplicative limit points of the set S is denoted by
S

Definition 1.9. [4] Let (X, d) be a multiplicative metric space. We call a set S c X multiplicative closed in (X, d) if S
contains all of its multiplicative limit points.

Definition 1.10.[4] : Let (X, d) be a multiplicative metric space, {X,} be a sequence in X and x € X. If for every
multiplicative open ball B,(x), there exists a natural number N such that

n>N = X, € B,(x), then the sequence (x,) is said to be multiplicative convergent to x, denoted by X, — x (n — o0).

Lemma 1.11. [4]Let (X, d) be a multiplicative metric space,{ x .} be a sequence in X and x € X. Then x,, —» x (n — ) if
and only if d (xp, x) = 1 (n — o).

Proof. Suppose that the sequence { x,} is multiplicative convergent to x. That is, for every € > 1, there is a natural
number N such that d(X,, X) < € whenever n > N. Thus we have the following inequality

1/e<d (Xp,x)<1-¢gforalln>N.

This means |d(x,, x)] < & for all n > N, which implies that the sequence d(x,, X) is multiplicative convergent to 1.
It is clear to verify the converse.

Lemma 1.12. [9] Let (X, d) be a multiplicative metric space, { x,} be a sequence in X. If the sequence { x .} is
multiplicative convergent, then the multiplicative limit point is unique.

Proof. Let x, y € X such that x, —. X and X, —« y (n — ). That is, for every € > 1, there exists N such that, for all n >N,
we have d(x,, x) <\ & and d(X,, y) <V &. Then we have d(x, y) < d(xn, X) - d(X,, y) <&

Since ¢ is arbitrary, d(x, y) = 1. This says x =y.

Theorem 1.13. [9] Let (X, dx) and (Y, dy ) be two multiplicative metric spaces, f: X — Y be a mapping and { x,} be any
sequence in X. Then f is multiplicative continuous at the point x € X if and only if f(x,) —f(x) for every sequence { x,}
with X;—x (n — o0).

Proof. Suppose that f is multiplicative continuous at the point x and X, — x. From the multiplicative continuity of f, we
have that, for every € > 1, there exists > 1 such that

f (Bs(X)) < B, (f(x)). Since x, — x (n — o), there exists N such that n > N implies x, € Bs(x). By virtue of the above
inclusion, then f(x,) € B,(f(x)) and hence f(x,) — f(x) (n — ).

Conversely, assume that f is not multiplicative continuous at x. That is, there exists an € > 1 such that, for each 6 > 1, we
have x ' € X with dy(x ', x) < but

dy (f(x), f(x)) > ..., (1.1)
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Now, take any sequence of real numbers (8,) such that 8, — 1 and 8, > 1 for each n. For each n, select X’ that satisfies the
equation (1.1) and call this x " . It is clear that x ,;’ — x, but f(x ) is not multiplicative convergent to f(x). Hence we see
that if f is not multiplicative continuous, then not every sequence { x,} with x, — x will yield a sequence f(x,) — f(x).
Taking the contrapositive of this statement demonstrates that the condition is sufficient.

Similarly, we can prove the following theorem.

Theorem 1.14. Let (X, d) be a multiplicative metric space and { x,} be a sequence in X. The sequence is multiplicative
convergent, then it is a multiplicative Cauchy sequence.

Proof. Let x € X such that x, — x. Hence we have that for any & > 1, there exist a natural number N such that d(x,, x) < ¥
€ and d(xXp, X) < Ve forallm,n>N.

By the multiplicative triangle inequality, we get

d(Xn, Xm) < d(xp, X) - d(X, Xm) <Ve-Ve=c¢,

which implies { x,} is a multiplicative Cauchy sequence.

Theorem 1.15. (Multiplicative characterization of supremum) Let A be a nonempty subset of R... Then s = sup A if and
only if

(la<sforallae A

(i) there exists at least a pointa € Asuch that |s/a|<gforalle> 1.

Proof. Let s = sup A. Then from the definition of supremum, the condition (1) is trivial. To prove the condition (1),
assume that there is an £ >1 such that there are no elements a € A such that |s / a| < . If this is the case, then s / € is also an
upper bound for the set A. But this is impossible, since s is the smallest upper bound for A.

To prove the converse, assume that the number s satisfies the conditions (i) and (ii). By the condition (i), s is an upper
bound for the set A. If s # sup A, then s > sup A and € = s / sup A > 1. By the condition (ii), there exists at least a number
a € Asuchthat|s/a| <e. By the definition of the number &, this means that a > sup A. This is impossible, hence s = sup
A

Theorem 1.16.[9] Let {x,} and {y,} be multiplicative Cauchy sequences in a multiplicative metric space (X, d). The
sequence {d(x,, yn)} is also a multiplicative Cauchy sequence in the multiplicative metric space (R,,d").

Proof. From the multiplicative reverse triangle inequality, we have

d° (d (%Y, ), d (X0 ) = ‘%
) ‘d(xn,yn)| d(xm'yn)|
d (X ¥ )| | d (X ym)‘

< d(xXpXm) - d(Yn, Ym)-

Since {x,} and {y,} are multiplicative Cauchy sequences, for any & > 1, there exists N € N such that d(x,, X;) <V & and
d(Yn Ym) < \ € for all n, m > N. This implies d” (d(X,Yr), d(Xm, Ym)) < € for all n, m > N, which says {d(x,, y»)} is a
multiplicative Cauchy sequence.

3. MAIN RESULT
Theorem 2.1. If S and T are self-mappings defined on a complete multiplicative metric space (X, d) satisfying the
condition,

(2.D) d(Sx,Ty)< {max{d (x,y),d(x,5x),d(y,Sx), d (1X+zx()sdx(_l¥y1)-y) ,d(x,Ty),d (y,Ty)}}
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VX, Yy € X and A € [0,1/2], then S and T have a unique common fixed point.

Proof: Let X, be an arbitrary in X . Since S(X)g X and T(X)g X', we construct the sequence {Xn} in X,
such that

(22)  Xppy= Xy and Xy = Ty VN0

from the definition of {Xn} and using (2.1), we have
d (X2n+1’ X2n+2) = d (szn ’TX2n+1)

d (XZn ' X2n+l) ' d (XZn ' SXZn ) ’ d (X2n+1' SXZn )'
max d (XZn ' SXZn)d (X2n+1'TX2n+l) d (
1+d (SX,, 1) ’

IN

X2n ’TX2n+l) 1 d ( X2n+1’TX2n+1)

A

d(x,.,X d(x,,.,,X
max d(X2n’X2n+1)'d(XZn’X2n+l)'d(X2n+1'X2n+1)’ ( 2;_+;nzl)()2n+l(,;::2)2n+2)

d (X2n 1 X2n+2 )’ d (X2n+1’ X2n+2)

IN

< {0 (30100 (3 028 () (22,0 ()}
since {1+ 0 (X, X1 ) > A (Xpp Xy )}
d (Xanen Xone2 ) S A7 (X Xons )
d (Xonis Xonez ) S A% (Xon Xonsa )47 (Xopazs Xonsz )

(23) d (X2n+l’ X2n+2) <d %7/1 (X2n ! X2r1+1)
Now

d (X2n ' X2n+l) = d (X2n+1’ X2n) = d (SXZn 'TXZn—l)

A

) ,d ,S ,d 7,8 ’ 2n 2n 2n-1 2n-1
maXx (in infl) (XZ” XZ”) (X2n 1 X2n) |_+d(SX2n, ngn—l)

d (X2n 7TX2n—l) ! d (X2n—1’TX2n—1)

IN

A

d (Xps X0 )0 (X540 X,
max d(xznixzn_l)’d(in’xzr”l)’d(in—l’x2n+l)’ ( 21+;(1X)2n+f’;2n1) 2)

d (XZn’XZn)’d (X2nfl’ X2n)

IN

A
< {max{d (invxzn—l)1d (ina X2n+1)1d (X2n—1’ X2n+1)’d (X2n—1’ X2n)}}

d (X2n1X2n)1d (XZn—l’ XZH)

< {max{d (XZn’ X2n—1)’d (X2n ' )22n+1)’d (X2n—l’ X2n)d (in’ X2n+l)’d (in—l’ XZn)’]"d (X2n—1’ X2n )}}ﬂ
d (X2n’ X2n+1) < {d (X2n—17 X2n)d (X2n ’ X2n+1)}
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d (XZn’ X2n+1) < dl (XZn—l’ XZn)djL (XZn’X2n+1)

2
(24) d (XZn’ X2n+1) < d 47& (X2n—l’ XZn)

From (2.3) & (2.4), we have
A

25) d(X,,%,.1)<d" (X, 4, %,) foralln where N =175
using (2.5), we have

d (X %1) A" (X, 00X, ) A" (X Xyg ) S cvvrnnerrens <d" (%9, %)

n? n+l

(2.6) d(X,,%,..)<d" (%,%) for all n
for m >n and using (2.6) then we have,

d (X0 %, ) < d (X0 Xy ) (Xogs X0 ) === (X0, %)

gdhmil(xl,xo)dhmiz(xllxo) ________ dh”(Xl,XO)
Sdh’“’lJrhm’er ********** h" (X:L’XO)

d (X, X )sdhnl—h(xl—xo)

m?“n

=d (X X ) —1 as (m,n — ). Hence {Xn} is a multiplicative Cauchy sequence.

m? “*n
By the completeness of X, 3 ze€ X such that x, =z as (n — )

Moreover, we will show that Sz = z By the notion of a complete multiplicative metric space.

d(z,52) <d(Z, Xy, ) d (Xoyrr: SZ)

=d (Z’ X2k+2)d (SZ’ X2k+2)

= (2, %451 (52, Ty, ) [using (2.2)]

A

d(2,52)d (Xp1: TXo01)
d(z,%,.,,),d(2,52),d (X, S2), =,
<d(Z, Xy, )| Max (2 %) 0 (2:52). 8 (s 2) 1+(52, T4

d (ZyTX2k+1) d (X2k+1’TX2k+l)

A

d(2,52)d (X1 Xors2)
d(z,Xy,,),d(2,S2),d (X4, S2), * *
<d(z, %, ){max (2:%1).(2,52).d (1.0, 52) 14+(S2, %15 )

d (Z, X2k+2 ) ' d (X2k+l’ X2k+2)

Taking K — oo, we have

d(z,Sz)d(z,2)

d(z,Sz)sd(z,z){max{d(z,z),d(z,Sz),d(z,Sz), 1+d(52,2) ,d(z,z),d(z,z)}}

<1{max{1,d(z,5z),d (z,SZ),l,l,l}}ﬁ

Page | 71
Research Publish Journals




International Journal of Mathematics and Physical Sciences Research [1SSN 2348-5736 (Online)
Vol. 4, Issue 1, pp: (67-73), Month: April 2016 - September 2016, Available at: www.researchpublish.com

d(z,Sz)<d*(z,5z) a contradiction since 2 € [0,1/2]
which implies that d (Sz,z) =1

(2.7) Hence Sz=12

Now we will show that

Tz=z

d(z,T2) <d(Z, Xp1 ) A (Xpy1: T2)

<d(Z, Xyyp ) A (S¥y, T2) [using (2.2)]

d (X, SXy )d (2,T2)
d b 7d ’S 'd ’S ) 2k 2k
<d (2, X, )3 Max (xax:2).d (O $51) d (2, 5% ) 1+d (SXy, T2)

d(X,,Tz),d(z,Tz)

d (Xpur Xppr )d (2,72)
d ' ,d ’ ,d , , 2k 2k +1
<d(2,%,.,)| max (X200 2) 0 (Xaper Xz )1 0 (Z X)) 1+ (Xy0,T2)

d (X, Tz),d(z,Tz)

Taking k —oo, we have

d(z,z)d(z,Tz

d(z,Tz)<d (z,z){max{d (z,2),d(z,2),d(z,2), IETER" )1d (z,Tz),d (z,Tz)H

<1fmax{1111d(2,T2),d(2,T2)}}’

d(z,Tz)<d"(z,Tz) a contradiction since 2 e [0,1/2]
Hence, we have

d(z,7z)=1ieTz=z2

(2.8) Tz=z

using (2.7) and (2.8), we have

(2.9) Sz2=Tz=12

Hence z is a fixed pointof Sand T.

Uniqueness :

Let w #z and w is fixed point of S and T

Now

d(z,w)=d(Sz,Tw)

d(z,Sz)d (w,Tw

s{max{d(z,w),d(z,Sz),d(w,Sz), 1+ (52,Tw) ),d(z,Tw),d(w,Tw)H
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ZW

d(z,z)d(w,w

S{max{d(z w),d(z,z),d(w,z), 1J,rd(z,w’) ),d(Z,W)1d(W’W)H

{ W),l,d(w,z),mlz’w),d(z,w),l}}

d*(z,w) a contradiction since 2 € [0,1/2]

=d(z,w)=1

i.e Z=W Hence proved.

Corollary: If T is a self mapping defined on a complete multiplicative metric space(X,d) satisfying the condition

d(x,Tx)d(y,Ty

d(Tx,Ty) < {max{d (x,y),d(x,Tx),d(y,Tx), 1-;-d (Tx,T;/) ) ,d(x,Ty),d (y,Ty)}}

and A € [0,1/ 2] V X,y € X .Then T has a unique fixed point.

Proof: we can prove the result applying in last theorem setting S=T.
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